
Non-linear Quantum Mechanics



Non Linear Quantum Mechanics?

 Theory built on observations in the 1900s 
Why should it be “the absolute truth”?

What?
Two Postulates of Quantum Mechanics

Probability Linearity

Which?



Probability
Finite system has a finite set of energies

Continuous observables and symmetries
Deterministic 
Observables?}

Could an electron in an atom have a well defined position?

Rotation

Infinite 
Degeneracy  

Quantum Mechanics 

Sacrifice Determinism.  
Preserve finite set of energy states, continuous symmetries and observables

Bell Inequalities, Kochen-Specker, SSC Theorems 



Causality and Entanglement

Entanglement is fundamental to quantum mechanics
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Trial Non-Linear Term

Apply some local operation on x: αi(x) -> U αi(x) 

Does it instantly change the time evolution of y?

YES  
Not causal 
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Causality and Non-Linearity
Linear Quantum Mechanics

Electron Coupled to Electromagnetism

Electron paths do not 
interact via 

electromagnetism

Paths of two electrons 
interact causally (QFT)

Why can’t path talk to itself? 
Formulate directly into QFT



The Framework
The Schrodinger Picture of Quantum Field Theory

Quantum State of Fields 
(e.g. in Fock states)
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� (x) Time Independent 
Operators
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Time Evolution
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The Framework

Action

Yukawa
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Quantum Field Theory
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Non-linearities in the operators but not in the state
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The Framework
Yukawa
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Linear QFT:

Non-Linear QFT:
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Obeys all the rules  
Higher order in states  - leads to state dependent quantum evolution

Analyze non-linearity perturbatively



Perturbation Theory
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At zeroth order, this is just standard QFT

At first order, use zeroth order solution - expectation value is simply a background field

Perform standard QFT on this background field to compute first order correction

Applies to all orders : To compute term of given order, only need lower order terms 
Lower order terms enter as background fields

Causality: Non-linearity enters via expectation value. At lowest order, causal from QFT. 
Causal background field for all higher orders
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Gauge Theories and Gravitation
Linear QFT Lagrangian, Shift bosonic field by expectation value 

To Path Integral, add: 

Background Field 

Gravitation 
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Single Particle 

Suppose we have a ψ particle - how does its wave-function evolve?

To zeroth order, ψ just sources the Φ field

Straightforward Computation of Expectation Value
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Charge Density of ψ Causal Green’s Function
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Constraints



Constraints
What does this do to the Lamb Shift?

Proton at Fixed Location 

2S and 2P electron have different charge distribution 

Different expectation value of electromagnetic field 

Level Splitting!

BUT: Cannot decouple center of mass and relative co-ordinates 

Proton wave-function  spread over some region (e.g. trap size ~ 100 nm)  
Εxpectation value of electromagnetic field diluted 

In neutral atom - heavily suppressed, except at edges!  

ε < 10-2 

Similarly, kills possible bounds on QCD and gravity
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Experimental Tests



Experimental Tests

Interferometry - interaction between paths

Take an ion - split its wave-function
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Coulomb Field of one path interacts with the other path

Gives rise to phase shift that depends on the 
intensity p of the split

Use intensity dependence to combat systematics



Macroscopic Effects



Measurement in Quantum Mechanics
Not some mysterious process 

Interaction between quantum state and measuring device 
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Prediction of Quantum Mechanics (“Many Worlds”), Not an interpretation 
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Linear Quantum Mechanics

Initial State : |χ(0)>  
Represents Full Quantum State (spin, experimentalist…) 

Y

X

Spin 
Along x

Experimentalist Laser

Photodetectors

Goal: Create Macroscopic Superposition 

Method: Measure spin along y.  
Depending upon outcome, send laser along different directions



Macroscopic Superposition
Y

X

Spin 
Along x

Measure 
along y

Spin up 

Laser-> Top

Spin Down 

Laser-> Right

Final State: |χ> = |U>|T>|ET> + |D>|R>|ER> Prediction of QM



Linear Quantum Mechanics

<latexit sha1_base64="hTptx+nO2EQSa6zl1eWN0IzuzAE=">AAACI3icbZBNS8NAEIY39bt+RT16WSyCp5KIqHjy4+LBQwWrQhPLZDuti7tJ2N0IJfS/ePGvePGgFC8e/C9u2hzU+sLCyzMzzM4bpYJr43mfTmVqemZ2bn6huri0vLLqrq1f6yRTDJssEYm6jUCj4DE2DTcCb1OFICOBN9HDWVG/eUSleRJfmX6KoYRezLucgbGo7R4FEsw9A5FfDGigs1SjoUhP2nkgM0siUHnQ0NzaHkgJdyW3qO3WvLo3Ep00fmlqpFSj7Q6DTsIyibFhArRu+V5qwhyU4UzgoBpkGlNgD9DDlrUxSNRhPrpxQLct6dBuouyLDR3RnxM5SK37MrKdxUX6b62A/9VamekehjmP08xgzMaLupmgJqFFYLTDFTIj+tYAU9z+lbJ7UMCMjbVqQ/D/njxprnfr/n7dv9yrHZ+WccyTTbJFdohPDsgxOScN0iSMPJEX8kbenWfn1Rk6H+PWilPObJBfcr6+AcJ6pPY=</latexit>

L � eAµ ̄�
µ |χ> = |U>|T>|ET> + |D>|R>|ER>

Which photodetectors light up?

Compute Transition Matrix Elements
Hot

Cold

<latexit sha1_base64="wgQufW3aKwYpBiXDdC05hP66Izw="></latexit>

h�|Aµ (xT ) |�i 6= 0, h�|Aµ (xR) |�i 6= 0But in both |ET>, |ER>:

<latexit sha1_base64="PT+w8uN2f3vvtBkEHgOk9zqJz9c="></latexit>

hT |Aµ (xR) |T i = 0

<latexit sha1_base64="aGWKhJLVV6I3QtIDm9xuBmu3lZY="></latexit>

hU |hT |hET |eAµ (xT )  ̄ (xT ) �
µ (xT ) |�i 6= 0

<latexit sha1_base64="pMmgX62cpa4Y76az3lTdz84Tt2U="></latexit>

hU |hT |hET |eAµ (xR)  ̄ (xR) �
µ (xR) |�i = 0



Non-Linear Quantum Mechanics
<latexit sha1_base64="zJ8YGF65wmd9f6lWlDwW7ckf5SI="></latexit>

L � eAµ ̄�
µ + ✏�eh�|Aµ|�i ̄�µ 

State Dependent Non-linear Term

<latexit sha1_base64="wgQufW3aKwYpBiXDdC05hP66Izw="></latexit>

h�|Aµ (xT ) |�i 6= 0, h�|Aµ (xR) |�i 6= 0

But in both |ET>, |ER>:Hot

ε Hot

Hot

ε Hot

Communication between “worlds”  
Consequence of Causality - trace over entangled particles 

Non-linearity visible despite Environmental De-coherence! 
Polchinski: “Everett Phone”



Tests



Experimental Tests
Key Point: Create macroscopic superposition 

Create Expectation value of EM/Gravity 
Search for Expectation value

On: {T, T + dT} 
Off: {T + dT, T + 2 dT}

Off: {T, T + dT} 
On: {T + dT, T + 2 dT}

Voltmeter 
ε E in {T + dT, T+ 2 dT}?

Voltmeter 
ε E in {T, T+  dT}?

<latexit sha1_base64="rNpMt+vY5dR63FXCisoSmyImMCk=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXFMFlBfuANpTJdNIOnTyYmRRK6Ee4caGIW7/HnX/jpK2gogcuHM65l3vv8RPOpLKsD6Owtr6xuVXcLu3s7u0flA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65zvzOlQrI4ulezhHohHkUsYAQrLXX6U0qym/mgXLHMy3rVcavIMi2rZjt2Tpyae+EiWys5KrBCc1B+7w9jkoY0UoRjKXu2lSgvw0Ixwum81E8lTTCZ4BHtaRrhkEovW5w7R2daGaIgFroihRbq94kMh1LOQl93hliN5W8vF//yeqkK6l7GoiRVNCLLRUHKkYpR/jsaMkGJ4jNNMBFM34rIGAtMlE6opEP4+hT9T9qOaVdN986tNK5WcRThBE7hHGyoQQNuoQktIDCBB3iCZyMxHo0X43XZWjBWM8fwA8bbJ8dhj+I=</latexit>

~E

<latexit sha1_base64="rNpMt+vY5dR63FXCisoSmyImMCk=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXFMFlBfuANpTJdNIOnTyYmRRK6Ee4caGIW7/HnX/jpK2gogcuHM65l3vv8RPOpLKsD6Owtr6xuVXcLu3s7u0flA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65zvzOlQrI4ulezhHohHkUsYAQrLXX6U0qym/mgXLHMy3rVcavIMi2rZjt2Tpyae+EiWys5KrBCc1B+7w9jkoY0UoRjKXu2lSgvw0Ixwum81E8lTTCZ4BHtaRrhkEovW5w7R2daGaIgFroihRbq94kMh1LOQl93hliN5W8vF//yeqkK6l7GoiRVNCLLRUHKkYpR/jsaMkGJ4jNNMBFM34rIGAtMlE6opEP4+hT9T9qOaVdN986tNK5WcRThBE7hHGyoQQNuoQktIDCBB3iCZyMxHo0X43XZWjBWM8fwA8bbJ8dhj+I=</latexit>

~E



Experimental Tests
Key Point: Create macroscopic superposition 

Create Expectation value of EM/Gravity 
Search for Expectation value

Even Null Result is Interesting:

M

M

x1 x2

x1
x2

<latexit sha1_base64="+XfKIMQEazau7gQTEDIDCq2BrYI="></latexit>

Gµ⌫ = hTµ⌫i



Conclusions
1. Quantum Field Theory can be generalized to include non-linear, state dependent 

time evolution 

2. Conventional tests of quantum mechanics in atomic and nuclear systems do NOT 
probe causal non-linear quantum mechanics 

3.  Straightforward set of experimental tests possible to probe non-linear quantum 
mechanics  

4.  Motivation to test other extensions as well - e.g. Lindblad Decoherence 



Backup



Leading Constraint?

For ε > 0 (repulsive interaction)

Too large a repulsion, Cant trap ion in trap 
ε < 10-5

No direct limit on ε < 0 (attractive interaction) 
Perhaps from mapping of ion in trap?

Constraints



Measurement in  Non-Linear Quantum Mechanics
Interaction between quantum state and measuring device 

<latexit sha1_base64="C0Bqn5r2gZ/a8DTHPg1las4C4nE=">AAAB7nicbVDLSgMxFM34bOur6tJNsAiuyowLdVl047KCfWA7lEyaaUMzSUjuiGXoR7gRVMStO//FnV+j6WOhrQcuHM65l3PvjbTgFnz/y1taXlldW8/lCxubW9s7xd29ulWpoaxGlVCmGRHLBJesBhwEa2rDSBIJ1ogGl2O/cceM5UrewFCzMCE9yWNOCTip0VbAE2Y7xZJf9ifAiySYkVIlr59uP+6/q53iZ7uraJowCVQQa1uBryHMiAFOBRsV2qllmtAB6bGWo5K4kDCbrDvCR07p4lgZVxLwRP09kZHE2mESuc6EQN/Oe2PxP6+VQnweZlzqFJik06A4FRgUHt+Ou9wwCmLoCKGGu10x7RNDKLgPFdwTgvmTF0n9pBycloProFS5QFPk0AE6RMcoQGeogq5QFdUQRQP0gJ7Ri6e9R+/Ve5u2LnmzmX30B977D6dmk4I=</latexit>⌦
<latexit sha1_base64="T3ahyqQKIfA7yFzGP/TlABrSmHc=">AAAB8nicbZDLSgMxFIYzXut4q7p0EyyCqzLjQt2IRTcuK9gLTIeSSTNtaCYZkjNKGfoYblwo0q3v4d6N+Daml4W2/hD4+P9zyDknSgU34HnfztLyyuraemHD3dza3tkt7u3Xjco0ZTWqhNLNiBgmuGQ14CBYM9WMJJFgjah/M84bD0wbruQ9DFIWJqQrecwpAWsFLc27PSBaq8d2seSVvYnwIvgzKF19uJfp6MuttoufrY6iWcIkUEGMCXwvhTAnGjgVbOi2MsNSQvukywKLkiTMhPlk5CE+tk4Hx0rbJwFP3N8dOUmMGSSRrUwI9Mx8Njb/y4IM4osw5zLNgEk6/SjOBAaFx/vjDteMghhYIFRzOyumPaIJBXsl1x7Bn195EeqnZf+s7N/5pco1mqqADtEROkE+OkcVdIuqqIYoUugJvaBXB5xn580ZTUuXnFnPAfoj5/0HJJmU0Q==</latexit>! <latexit sha1_base64="llaOVOqawM8Zzxj0cGSujEYuZno=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKgbsejGZQV7gXYomTTTxmaSkGSEUvoOblwo4saFj+Lejfg2pq0Lbf0h8PH/55BzTqw4MzYIvrzcwuLS8kp+1V9b39jcKmzv1IzMNKFVIrnUjRgbypmgVcsspw2lKU5jTutx/3Kc1++oNkyKGztQNEpxV7CEEWydVWthrnq4XSgGpWAiNA/hDxTP3/0z9frpV9qFj1ZHkiylwhKOjWmGgbLREGvLCKcjv5UZqjDp4y5tOhQ4pSYaTqYdoQPndFAitXvCoon7u2OIU2MGaewqU2x7ZjYbm/9lzcwmp9GQCZVZKsj0oyTjyEo0Xh11mKbE8oEDTDRzsyLSwxoT6w7kuyOEsyvPQ+2oFB6XwuuwWL6AqfKwB/twCCGcQBmuoAJVIHAL9/AIT570Hrxn72VamvN+enbhj7y3b+1Qklw=</latexit>↵

<latexit sha1_base64="C0Bqn5r2gZ/a8DTHPg1las4C4nE=">AAAB7nicbVDLSgMxFM34bOur6tJNsAiuyowLdVl047KCfWA7lEyaaUMzSUjuiGXoR7gRVMStO//FnV+j6WOhrQcuHM65l3PvjbTgFnz/y1taXlldW8/lCxubW9s7xd29ulWpoaxGlVCmGRHLBJesBhwEa2rDSBIJ1ogGl2O/cceM5UrewFCzMCE9yWNOCTip0VbAE2Y7xZJf9ifAiySYkVIlr59uP+6/q53iZ7uraJowCVQQa1uBryHMiAFOBRsV2qllmtAB6bGWo5K4kDCbrDvCR07p4lgZVxLwRP09kZHE2mESuc6EQN/Oe2PxP6+VQnweZlzqFJik06A4FRgUHt+Ou9wwCmLoCKGGu10x7RNDKLgPFdwTgvmTF0n9pBycloProFS5QFPk0AE6RMcoQGeogq5QFdUQRQP0gJ7Ri6e9R+/Ve5u2LnmzmX30B977D6dmk4I=</latexit>⌦ <latexit sha1_base64="C0Bqn5r2gZ/a8DTHPg1las4C4nE=">AAAB7nicbVDLSgMxFM34bOur6tJNsAiuyowLdVl047KCfWA7lEyaaUMzSUjuiGXoR7gRVMStO//FnV+j6WOhrQcuHM65l3PvjbTgFnz/y1taXlldW8/lCxubW9s7xd29ulWpoaxGlVCmGRHLBJesBhwEa2rDSBIJ1ogGl2O/cceM5UrewFCzMCE9yWNOCTip0VbAE2Y7xZJf9ifAiySYkVIlr59uP+6/q53iZ7uraJowCVQQa1uBryHMiAFOBRsV2qllmtAB6bGWo5K4kDCbrDvCR07p4lgZVxLwRP09kZHE2mESuc6EQN/Oe2PxP6+VQnweZlzqFJik06A4FRgUHt+Ou9wwCmLoCKGGu10x7RNDKLgPFdwTgvmTF0n9pBycloProFS5QFPk0AE6RMcoQGeogq5QFdUQRQP0gJ7Ri6e9R+/Ve5u2LnmzmX30B977D6dmk4I=</latexit>⌦+
<latexit sha1_base64="X7tjIM+DQRLqrm/MO7ZAxmpXIck=">AAAB7HicbZC7SgNBFIbPxluMt6ilIotBsAq7FmoZtLFMwE0CyRJmJ7PJkNnZZeasEJaU1jYWitj6DHkOO5/Bl3ByKTTxh4GP/z+HOecEieAaHefLyq2srq1v5DcLW9s7u3vF/YO6jlNFmUdjEatmQDQTXDIPOQrWTBQjUSBYIxjcTvLGA1Oax/IehwnzI9KTPOSUoLG8dsCQdIolp+xMZS+DO4dS5Xhc+348GVc7xc92N6ZpxCRSQbRuuU6CfkYUcirYqNBONUsIHZAeaxmUJGLaz6bDjuwz43TtMFbmSbSn7u+OjERaD6PAVEYE+3oxm5j/Za0Uw2s/4zJJkUk6+yhMhY2xPdnc7nLFKIqhAUIVN7PatE8UoWjuUzBHcBdXXob6Rdm9LLs1t1S5gZnycASncA4uXEEF7qAKHlDg8AQv8GpJ69l6s95npTlr3nMIf2R9/ACzHZJS</latexit>

�

In linear QM, just need to know the basis vectors  
Interaction Hamiltonian independent of unknown quantum state  

<latexit sha1_base64="kcPVDLHBKIglOZqe0EHxxXx/72k=">AAAB9HicbVDLSsNAFL2pr1pfVZduhhZBEEriQl0G3bisYB/QhDKZTtqhk0mcmRRC7F8Iblwo4taPcde/cfpYaOuBC4dz7uXee4KEM6Vte2IV1tY3NreK26Wd3b39g/LhUVPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB26rdGVCoWiwedJdSPcF+wkBGsjeQ/eXXFPIlFn1PULVftmj0DWiXOglTdinf+PHGzerf87fVikkZUaMKxUh3HTrSfY6kZ4XRc8lJFE0yGuE87hgocUeXns6PH6NQoPRTG0pTQaKb+nshxpFQWBaYzwnqglr2p+J/XSXV47edMJKmmgswXhSlHOkbTBFCPSUo0zwzBRDJzKyIDLDHRJqeSCcFZfnmVNC9qzmXNuXeq7g3MUYQTqMAZOHAFLtxBHRpA4BFe4A3erZH1an1Yn/PWgrWYOYY/sL5+ALHflQc=</latexit>

| i <latexit sha1_base64="HKIWBrHiQkdnO63yv3B683ZzoV8=">AAAB8nicbZDLSsNAFIZPvNZ6q7p0M7QIglASF+oy6sZlBXuBJJTJdNIOnUzCzEQIsW+hGxeKuPVp3PVtnF4W2vrDwMf/n8Occ8KUM6Vte2ytrK6tb2yWtsrbO7t7+5WDw5ZKMklokyQ8kZ0QK8qZoE3NNKedVFIch5y2w+HtJG8/UqlYIh50ntIgxn3BIkawNpb3dN21fYlFn9NupWbX7anQMjhzqLlV/+x57OaNbuXb7yUki6nQhGOlPMdOdVBgqRnhdFT2M0VTTIa4Tz2DAsdUBcV05BE6MU4PRYk0T2g0dX93FDhWKo9DUxljPVCL2cT8L/MyHV0FBRNppqkgs4+ijCOdoMn+qMckJZrnBjCRzMyKyABLTLS5UtkcwVlceRla53Xnou7cOzX3BmYqwTFU4RQcuAQX7qABTSCQwAu8wbulrVfrw/qcla5Y854j+CPr6wcU25Qb</latexit>

|A0i
<latexit sha1_base64="ExNw3CMbyK92qu/ZrqSVpzWXuV8=">AAACBnicbVDLSsNAFJ3UV62vqEsRhhZBEEriQl1G3bisYB/QhDCZTtqhk0mYmQgh7cqNH+BPuHGhiFu/wV3/xulD0NYDFw7n3Mu99wQJo1JZ1sgoLC2vrK4V10sbm1vbO+buXkPGqcCkjmMWi1aAJGGUk7qiipFWIgiKAkaaQf967DfviZA05ncqS4gXoS6nIcVIack3DwfUFYh3GYFurGhEJBxc+j+ab1asqjUBXCT2jFScsnvyNHKymm9+uZ0YpxHhCjMkZdu2EuXlSCiKGRmW3FSSBOE+6pK2phzphV4+eWMIj7TSgWEsdHEFJ+rviRxFUmZRoDsjpHpy3huL/3ntVIUXXk55kirC8XRRmDKoYjjOBHaoIFixTBOEBdW3QtxDAmGlkyvpEOz5lxdJ47Rqn1XtW7viXIEpiuAAlMExsME5cMANqIE6wOABPINX8GY8Gi/Gu/ExbS0Ys5l98AfG5zeA75wg</latexit>

|ii ⌦ |Aii

Key  Point: Non-linear Hamiltonian depends upon unknown quantum state  

<latexit sha1_base64="MLi9KpWfJSibagEu+k0IXBJ6GEA="></latexit>

Pick: hAj |Aii = �ij

<latexit sha1_base64="mDUUNxudDXyHHlbP3KEMsvzBYNo="></latexit>

No Guarantee:hAj |Aii = 0

<latexit sha1_base64="RCk7IyfgzGcIELfIoUb+3/7D0Rk="></latexit>

| i ⌦ |A0i !
P

i ci|ii ⌦ |Aii+ ✏
P

i,j di,j |ii ⌦ |Aji
Measurement 

Noise



Framework



The Framework
The Schrodinger Picture of Quantum Field Theory

Quantum State of Fields 
(e.g. in Fock states)

<latexit sha1_base64="6JA2fSn5nJHl2Od/PLq88XUFbT8=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZRERT0WvXisYD+gCWWz3bRLN5uwO5GW0L/ixYMiXv0j3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrW9sbhW3Szu7e/sH9mG5peNUUdaksYhVJyCaCS5ZEzgI1kkUI1EgWDsY3c389hNTmsfyESYJ8yMykDzklICRenbZS4bcEyyE6thTfDCEs55dcWrOHHiVuDmpoByNnv3l9WOaRkwCFUTrrusk4GdEAaeCTUteqllC6IgMWNdQSSKm/Wx++xSfGqWPw1iZkoDn6u+JjERaT6LAdEYEhnrZm4n/ed0Uwhs/4zJJgUm6WBSmAkOMZ0HgPleMgpgYQqji5lZMh0QRCiaukgnBXX55lbTOa+5V7eLhslK/zeMoomN0gqrIRdeoju5RAzURRWP0jF7RmzW1Xqx362PRWrDymSP0B9bnD9I2lE4=</latexit>

� (x) Time Independent 
Operators

<latexit sha1_base64="Twkvsk4mFDxcga7rp6Iom3SwOSg="></latexit>

H =

Z
d
3
xH (� (x) ,⇡ (x))

Time Evolution
<latexit sha1_base64="5nknDc9Xt3071TIAIF0/U8S9kJA="></latexit>

i
@|� (t)i

@t
= H|� (t)i

<latexit sha1_base64="4SbD/+hyETmPaCxA+lGScEgRwUY=">AAACBHicbVA9SwNBEN3zM8avqGWaxSDEJtypqGXQxjKC+YBcCHubuWTJ3t6xOyeEmMLGv2JjoYitP8LOf+Pmo9DEBwOP92aYmRckUhh03W9naXlldW09s5Hd3Nre2c3t7ddMnGoOVR7LWDcCZkAKBVUUKKGRaGBRIKEe9K/Hfv0etBGxusNBAq2IdZUIBWdopXYu/+DznqC+hBCL6GvR7eGxr5nqSmjnCm7JnYAuEm9GCmSGSjv35XdinkagkEtmTNNzE2wNmUbBJYyyfmogYbzPutC0VLEITGs4eWJEj6zSoWGsbSmkE/X3xJBFxgyiwHZGDHtm3huL/3nNFMPL1lCoJEVQfLooTCXFmI4ToR2hgaMcWMK4FvZWyntMM442t6wNwZt/eZHUTkreeen09qxQvprFkSF5ckiKxCMXpExuSIVUCSeP5Jm8kjfnyXlx3p2PaeuSM5s5IH/gfP4AhtSYCA==</latexit>

|� (t)i

Action
<latexit sha1_base64="Cx9PdqsnJOtMsNE68IswXGRjGo0="></latexit>

S =

Z
dt i (h�|�̇i � h�|H|�i)



The Framework

Action

Yukawa
<latexit sha1_base64="f4bo445K9mPx6n0xN3+EvboiDHc="></latexit>

H �
Z

d
3
x y � (x)  ̄ (x) (x)

<latexit sha1_base64="pDxYRCtNiIlwnY6KlV9TOS/us9s="></latexit>

�
✓Z

d3x y h� (t) |� (x)  ̄ (x) (x) |� (t)i
◆

<latexit sha1_base64="w3lp+vQkQ1Wl+Ar+bAyJNb2fd8U="></latexit>

� h� (t) |
✓Z

d3x y � (x)  ̄ (x) (x)

◆
|� (t)i

Quantum Field Theory
<latexit sha1_base64="NJxaJ2udag/W+BxY4oqzrD5qY6I="></latexit>

�
✓Z

d3x y h� (t) |� (x)  ̄ (x) (x) +
�2

⇤
 ̄ + . . . |� (t)i

◆

Non-linearities in the operators but not in the state

<latexit sha1_base64="Cx9PdqsnJOtMsNE68IswXGRjGo0="></latexit>

S =

Z
dt i (h�|�̇i � h�|H|�i)



The Framework
Yukawa

<latexit sha1_base64="f4bo445K9mPx6n0xN3+EvboiDHc="></latexit>

H �
Z

d
3
x y � (x)  ̄ (x) (x)

<latexit sha1_base64="m9GjDWUxgkkvSkxQYy7qQUOciVA="></latexit>

S �
✓Z

d3x y h� (t) |� (x)  ̄ (x) (x) |� (t)i
◆

Linear QFT:

Non-Linear QFT:
<latexit sha1_base64="rNnKUSdWgGa8Tc+nE5WLypqbBew="></latexit>

SNL � ✏

✓Z
d3x h� (t) |� (x) |� (t)i h� (t) | ̄ (x) (x) |� (t)i

◆

Obeys all the rules  
Higher order in states  - leads to state dependent quantum evolution

Analyze non-linearity perturbatively



Perturbation Theory

<latexit sha1_base64="PlGoU7OcwaAq3AH4XZjJ21eG1PU="></latexit>

i
@|�i
@t = H|�i

At zeroth order, this is just standard QFT

At first order, use zeroth order solution - expectation value is simply a background field

Perform standard QFT on this background field to compute first order correction

Applies to all orders : To compute term of given order, only need lower order terms 
Lower order terms enter as background fields

Causality: Non-linearity enters via expectation value. At lowest order, causal from QFT. 
Causal background field for all higher orders

<latexit sha1_base64="OmRr+dNE5qBfPMnEyYrN3VEOp24="></latexit>

H � y� ̄ = (y�+ ✏h�|�|�i)  ̄ 



Single Particle 

Suppose we have a ψ particle - how does its wave-function evolve?

To zeroth order, ψ just sources the Φ field

Straightforward Computation of Expectation Value

<latexit sha1_base64="/C2WHSiYVmQ56K4H3N8ZqL6aNkQ="></latexit>

h�|� (x) |�i =
R
d4x0 ⇤ (x0) (x0)GR (x� x0)

x

x’

Charge Density of ψ Causal Green’s Function

<latexit sha1_base64="Qzpdmm3o7HZVWWrGv9uvyFRc9bk="></latexit>

L � y� ̄ = y (�+ ✏̃h�|�|�i)  ̄ 



Schrodinger Equation

Single particle equation derived from field theory  
Equation depends upon theory (Yukawa,  Φ4 etc)

Fixed Central particle 

Self interaction of wave-function breaks degeneracy of levels

Hermitean Form of Hamiltonian implies conserved norm 

Maintain Probabilistic Interpretation
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Entangled Systems

How do multi-particle systems evolve?

<latexit sha1_base64="sWbC1teyc1lGTokFUoUqWMxCakU="></latexit>
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 (x, y; t) =
X

i,j

cij (t)↵i (x)�j (y)

Additive form demanded by Polchinski - Natural in Field theory!
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Gauge Theories and Gravitation
Linear QFT Lagrangian, Shift bosonic field by expectation value 

To Path Integral, add: 

Background Field 

Gravitation 

<latexit sha1_base64="zNvYJbb0Jripi7b3sxBnJMedbcI="></latexit>
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Cosmological Sensitivity



Non-Linearity and Cosmology
<latexit sha1_base64="zJ8YGF65wmd9f6lWlDwW7ckf5SI="></latexit>
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Cold } All occurs in |U>  
Cannot undo small α - hide large ε  

For large β entirely dominated by |M> 

Local Exploitability completely determined by unchangeable initial conditions 
Stark Difference from Linear Quantum Mechanics 



Non-Linearity and Cosmology
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Could we boost by “Projection Operation”? 
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h�|Aµ|�i
hU |O|Ui Environment is not local 

No local projection operator! 
In linear quantum mechanics, we use this non-local projection operator - but 

degeneracy with coupling implies quantum phenomena understood without needing it  

Likely a generic feature of local non-linear quantum mechanics 



Inflationary Universe
Are there effects that persist in the small α limit?
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h�|�|�i is homogeneous and isotropic BUT evolves in time

Homogeneous fields will be non zero - but field needs to have a non-zero VEV

The Metric has a non-zero vev across the superposition!
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Inflationary Metric Interference
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Inflation: Expectation value is the average homogeneous FRW metric
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Renormalize and Expand

Long Distance Modification of Gravity! 
Corrects Second Order GR Term! 

Strong Field tests of GR!



Black Hole Horizon
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Inflation: Expectation value is the average homogeneous FRW metric
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gtt ! 0, grr ! 1 at di↵erent values of r!

Creates a firewall!



Conclusions



Conclusions
1. Quantum Field Theory can be generalized to include non-linear, state dependent 

time evolution 

2. Conventional tests of quantum mechanics in atomic and nuclear systems do NOT 
probe causal non-linear quantum mechanics 

3.  Straightforward set of experimental tests possible to probe non-linear quantum 
mechanics  

4.  Cosmological Sensitivity requires many more experimental probes 



Backup



Delicate Non-Linearity
Suppose |X> = |U> 

O performs Laser experiment on July 6 - discovers non-linear quantum mechanics!
Hot

ε Hot

Hot

ε Hot
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O wants to repeat experiment

Suppose |OU> decides to run experiment at 9 AM on July 10 
But |OD> runs experiment on 9 AM on July 20

State on 9 AM on July 10
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Delicate Non-Linearity
State on 9 AM on July 10
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Compare with State on July 6
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Effect is 1/2 of prior effect!

But, full effect if OU and OD perform experiment at same time!

Quantum Pollution: Without adequate care, superpositions may diverge wildly, 
preventing exploitability. Not automatic - but need careful protocols! 

Particles have been scattering for 13 billion years. Cosmological dilution? 



Cosmological Relaxation of Non-Linear QM?
<latexit sha1_base64="zJ8YGF65wmd9f6lWlDwW7ckf5SI="></latexit>

L � eAµ ̄�
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All we need is the expectation value. Non-Linear effects are resistant to decoherence. 

For e.g. when we repeat the experiment, it is ok for OU and OD  to be two different 
individuals - all we care is that the fields are turned on at the same space-time points 

Relevant 

Superpositions where expectation 
values of fields are very different 

9 AM 

10 AM 

Irrelevant 

Scattering where expectation 
values are not significantly changed 

9 AM 

9 AM 



Classical Universe?
Suppose |X> = |U> 

|U(t = 0)>  = 

Time Evolve

|U(t)>  = |   > + δ |    > |U(t)>  = δ|   > + |    >

Can quantum events (scattering, decay etc.) lead to wildly different classical outcomes?

Clearly Possible - e.g. Human choosing to act differently based on quantum event

But, fundamentally - this is because humans can be quantum amplifiers

Are there natural quantum amplifiers, for e.g. in chaotic systems?



Classical Universe?
|U(t)>  = |   > + δ |    > |U(t)>  = δ|   > + |    >Or

Are there natural quantum amplifiers, for e.g. in chaotic systems?

Key Point: Changing classical evolution of a system requires coherent motion of N atoms 

Probability that N atoms coherently move in some way: pN  
With p ~ O(1) scattering probability

Even with N ~ 100, these are very small probabilities 
For typical chaotic examples, e.g. Butterfly effect, N >> 100

|U(t)>  = |   > + δ |    > Reasonable!

Quantum Amplifiers are Hard!



Evolutionary Dilution?
Humans can be quantum amplifiers

|U(t = 0)>  = 

|U(t)>  = |              > (|   > + |     > + …)      

Is N ~ O(few) for biology? 
Maybe for RNA/DNA?

Dilutes Laboratory Effects!



Inflation
Quantum Amplifiers are Hard!

Except in Cosmic Inflation!

Inflation rapidly places quantum state in a homogenous and isotropic 
state (Bunch  - Davies Vacuum )

But, our universe is clearly inhomogeneous 
How could homogeneous state become inhomogeneous?
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h�|�|�i is homogeneous and isotropic BUT evolves in time

Answer: Massive Superposition of Statistically Similar Universes!
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Most of the Universe, 
The space-time point where the Earth is located is in intergalactic space! 



Probes of Non-Linear Quantum Mechanics
Non-Linear effects deeply tied to unchangeable initial and evolution of total quantum state 

Probe not just non-linear quantum mechanics but full evolutionary history of quantum state! 

Three Scenarios

|U(t)>  = |   > + δ |    >

Classical Universe

E.g. warm inflation, 
bouncing cosmologies

Quantum Biology

|U(t)>  = |              > (|   > + |     > + …)      

Canonical Inflation
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Quantum Biology

The large scale structure of the universe is the same

|U(t)>  = |              > (|   > + |     > + …)      

Local structures (e.g. buildings) are vastly different

Shield

Look for coherent  astrophysical or 
geological source (e.g. radio source/

magnetic field) inside shield!
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✏� / 10�5 Magnetic Shields Work!

For gravity, perhaps look for gravitational effects of waves on 
man-made islands?



Inflationary Universe
<latexit sha1_base64="GOIn4lwJHa3jA6uqzHQ0vFpwpiU="></latexit>
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Earth is in the middle of nowhere in the vast majority of the universes

Shield

Look for cosmic rays inside shields!

e.g. Coherent Radio Sources e.g. protons in IceCube
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Maybe visible if N is not too big


